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IMPROVED ANALYTICAL MODELS FOR MIXED-MODE
BENDING TESTS OF ADHESIVELY BONDED JOINTS

Z. Liu, R. F. Gibson, and G. M. Newaz
Advanced Composites Research Laboratory, Mechanical Engineering
Department, Wayne State University, Detroit, Michigan, USA

In this paper, improved analytical models have been developed for more accurate
determination of mode I and mode II compliances and strain energy release rates
of adhesively bonded Double Cantilever Beam (DCB) type specimens. In these
models, the effects of adhesive layer, elastic foundation and shearing deformation
ahead of the crack tip due to the Saint-Venant end effect were considered. The
improved analytical models were verified using finite element analysis (FEA), and
excellent agreements were found for a variety of crack lengths. The comparisons of
the measured and predicted testing machine loading point compliances with crack
length at three different mixed-mode loading conditions for the adhesive layer
thickness of 0.254 mm were also performed for further validation. In addition,
contributions to the total mode I strain energy release rate from each effect are
summarized.

Keywords: Adhesively bonded joints; Mixed-mode bending test, Adhesively bonded
double cantilever beam; Adhesively bonded end-notched flexure beam; Mode I; Mode II;
Strain energy release rate

INTRODUCTION

The Mixed Mode Bending (MMB) test fixture for composite delami-
nation testing [1—2] was successfully modified for the study of fracture
behavior of adhesively bonded joints with metallic adherends by using
modifications of load introduction and a new specimen design [3—4].
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The major advantage of the MMB test is that it simply combines
Double Cantilever Beam (DCB) mode I loading and End-Notched
Flexure (ENF) mode II loading.

In order to reduce the complexity of tests and Finite Element
Analysis (FEA) and to calculate strain energy release rates, analytical
models with good accuracy provide many advantages and improve the
understanding of fracture behavior of adhesively bonded joints.
A comprehensive review on available analytical models of mode I and
mode II strain energy release rates of ahesively bonded joints is pro-
vided by Liu [4]. The mode I, mode II and mixed-mode fracture
toughnesses of adhesively bonded joints have typically been found
from analytical models based on beam theory [5—9]. However, most of
the analytical models based on beam theory neglect the effects
of adhesive layer, elastic foundation and shearing deformation ahead
of the crack tip due to the Saint-Venant end effect [5—10], so there is a
need for improvements of available analytical models of strain energy
release rates of adhesively bonded joints to include such effects.

IMPROVED ANALYTICAL MODELS

In this section, the improved analytical models based on beam theory
for the MMB test of adhesively bonded joints will be developed under
the assumptions of linear-elastic fracture mechanics (LEFM) and
geometrically linearity. As suggested by Reeder and Crews [1], the
contributions to the total strain energy release rate associated with
mode I and mode II loading are obtained by consideration of the cor-
responding loadings. The respective mode I and mode II loading
components, P; and Py, are obtained from equilibrium considerations
and depend on the applied load, P, according to the expressions derived
by Bhashyam and Davidson [11].

P, P<3C4ZL) {1 + (?;Cj__f) %} (1)
S N

where ¢, c¢; and L are defined in Figure 1. P, is the gravitational force
due to the weight of the lever and is assumed to act at the center of
gravity of the lever defined by c,.

The mode I or mode II component, G7*, of strain energy release rate
can be determined by the following equation originally suggested by
Irwin and Kies [12]:
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FIGURE 1 Modified MMB test fixture and specimen.
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(3)

where index i = I and II refer to mode I and mode II, respectively. P; is
the corresponding mode loading, C" is the corresponding mode com-
pliance, B is the specimen width, and a is the crack length.

For mixed-mode I and II fracture tests the total energy release rate,
G, is given by

G =Gy +Gp (4)

where G7' and G} are mode I and mode II components of mixed-mode I
and II strain energy release rate, respectively.

Improved Analytical Model for Mode | Strain Energy
Release Rate

In this study, a more general and more accurate analytical model for
determination of strain energy release rate of an adhesively bonded
DCB specimen was developed. In addition to the widely-used beam
models which are based on pure bending of the adherend, the
improved analytical model integrates the effect of the adhesive layer
[13], the elastic foundation effect [14], the Saint-Venant effect [15] and
the shear deformation [15—16] into one model, and a more reasonable
foundation spring factor and shear correction factor are used. The
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model is valid for both isotropic and orthotropic DCB specimens with
and without an adhesive layer.

As described above, the total mode I compliance, Cj, of the improved
analytical model for the adhesively bonded DCB specimen for Mode I
is proposed by the use of the principle of superposition as below:

C; =Cgs + Cgr + Csv (5)

where Cpg is the contribution from the Timoshenko model of the
cracked part of the adherends, Cgy is the contribution from the elastic
foundation ahead of the crack tip, and Cgy is the contribution from the
Saint-Venant end effect.

By using Timoshenko beam theory, the compliance,Cpg, of a DCB is
approximated by only considering the bending deflection and the
deflection due to shear deformation of the cracked part as [16]
(Figure 2)

20p 2(533 + 533) 8a® 2a
Cos = =2 =

= 6
PI PI E%dherench3 + 'uG%‘dherench ( )

where 0 is the total deflection of each cracked adherend due to
bending and shear deformation, ogg and dgg are deflections of the free
end of the cracked adherend due to the bending moment and shear
force, respectively, 1 is the shear correction factor, Egdherend jg the
flexural modulus of the adherend, and G*}dhere“d is the transverse (or
through-thickness) shear modulus of the adherend.

However, the support ahead of crack tip is not completely rigid, and
transverse translation and rotation actually take place beyond the
crack tip. The effect of flexibility at the crack tip in isotropic DCB
specimens was first studied by Kanninen [14], who used the Bernoulli-
Euler beam model to represent each cracked adherend, and assumed

Upper cracked adherend
.
63 < e —.

NN\

FIGURE 2 Schematic diagram of cantilever beam.
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that the uncracked portion is supported by a Winkler foundation
consisting of a series of linear springs. Assuming the cracked adher-
ends to be rigid, the load point deformation due to the elastic foun-
dation effect can be divided into two parts by using the Winkler
foundation model [14] (Figure 3).

or = orr + 0tr = 17 + Ora (7)

where: o7y =load point deformation which results from crack tip
translation, o7z = load point deformation which results from crack tip
rotation, and 07 is the rotation angle.

The compliance, Cgr for the Winkler foundation is given by [14]

Crn — 207 4
EF = Pil o E%dherendB;ﬁhS

[67%a® + 6/a + 3| (8)
K 3K

4 _
A= 4E%dherend ¥ - E%dherenchS

9)

where K = stiffness per unit length of the foundation, and I = the
moment of inertia of the adherend.

For adhesively bonded DCB specimens, the effect of the adhesive
layer was first considered by Penado based on Kanninen’s Winkler
foundation model [13]. It was assumed that the uncracked portions of
the adherend and the adhesive act as springs in series (Figure 4).

P, Deformed position

Crack tip

Undeformed
position

< 2L >

FIGURE 3 Flexural deformation due to transverse compliance in the
uncracked part of the DCB.
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FIGURE 4 Beam on an elastic foundation model including the effect of
adhesive layer.

Assuming that Kagherend [14] and Kygnesive represent the stiffness of
the adherend and adhesive, respectively, the resultant foundation
stiffness per unit length, K, can be calculated by [13]

K=—3 1 (10)

Kadnerend Kadnesive

where Kadherend = E3%0rendB /(b /2), E3dherend jg the transverse modulus
of the adherend, and B = the width times one unit length.

For a more general case, the crack plane will be considered at any
position, but parallel to the interface between the adherend and the
adhesive layer (Figure 5).

An expression for K,gnesive can be derived by considering the stress
and deformation relations in the adhesive layer [13, 17], and using the
Winkler foundation model. Thus, the spring stiffness or elastic foun-
dation modulus of the lower adhesive layer can be expressed as,

=
7
/Q (OHONO)
Os Os y=0

FIGURE 5 Saint-Venant effect in the uncracked part of the DCB.
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B Eadhesive
Ka esive —
dh 2(1—a)t (1—-

(11)
nghesive)

where E ghesive = Young’s modulus of adhesive, vaighesive = Poisson’s
ratio of adhesive, and o is a constant (0 < o < 1.0), and 2(1 — «)¢ is the
thickness of the lower adhesive layer. « = 0.5 means that the crack is
along the mid-plane of the adhesive layer.

So, the parameter A in Equation (9) after modification can be
rewritten as below,

K 3K,
4 _ U _ U
o = 4E "]~ EpBh? (12)
where Ky is the resultant elastic foundation modulus for the upper
adherend.
Thus, the modified compliance of the upper uncracked adherend is,
or 2

upper __ _ 2 2
CEF = P_I = W [61Ua + GAUa + 3} (13)

A similar expression of the modified compliance, Ci#¢*, for the lower
uncracked adherend can be obtained by substituting 2at for 2(1 — )¢
in Equation (11). The effective flexural moduli, E;’** and E}é’wer for
calculating CZP*" and Ci¥** can be estimated by using classical
lamination beam theory [18] as below

1
Ewrer — = rgadherend 33 4 352954) 1 85 (208)%) + (208)% Eaghesive
F (h+2“t)3[ 7 ( (20t) (202)7) + (20t)”-Eagnesive)

(14)

ER™er can be obtained by substituting 2u¢ for 2(1 — )¢ in Equation (14).

Therefore, the total compliance, Cgr, of the Winkler foundation for
the adhesively bonded DCB specimen including the effect of the
adhesive layer can be expressed as

Cpr = Cg ™" + CEp™" (15)

In the elastic foundation model, the influence of the transverse
deformation ahead of the crack tip was analyzed. However, it is
obvious that the axial deformations ahead of the crack tip will also
affect the crack tip compliance. In order to study this effect, Olsson
[15] analyzed the uncracked part of a composite laminated DCB spe-
cimen by considering the Saint-Venant effect based on the work of
Choi and Horgan [19—20]. In order to isolate this effect, the transverse
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modulus was assumed to be nearly infinite, thus, the DCB ahead of the
crack tip can be modeled as shown in Figure 5.

The decay length of the Saint-Venant effect, y, in transversely iso-
tropic materials for both plane strain and generalized plane stress
cases is given by the following equation [19—20]

h |Efp
L= 9n Gr (16)
where Er, Gp are the flexural modulus and the transverse shear
modulus, respectively, of the composite laminated beam, Er > Ep
and Gr = E7 or Ey > Ep,Gr.
The maximum rotation, 0g, due to the Saint-Venant effect at the
crack tip where x = 0 (Figure 5) is obtained by using Castigliano’s
second theorem as

_12My  12Pay
" EpBh®  EpBh?

Os (17)
The load point deflection of each cracked adherend due to the Saint-
Venant effect is given by

5,5' = 93a (18)

Therefore, the compliance, Csy, of each uncracked adherend due to
the contribution of the Saint-Venant effect is derived as below [15]

Equations (16)—(19) are derived for a composite beam and are based
on the assumption that the crack plane is at the mid-plane of the
composite laminated DCB specimen. However, these derivations can
be extended to an adhesively bonded DCB specimen with a crack plane
at any position parallel to the interface between the adherend and
adhesive layer as described before. The compliance for the upper
uncracked part is given by

12y a 2
upper __ 9
Csv EFP B(h + 2at) <h + 2at> (20)

The lower adherend compliance, Ci3Wer,

12y a 2
Clower — 21
SV T ERvB(h + 2(1 - a)t) (h 21— oc)t) (21)
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and the total compliance of the DCB system due to the Saint-Venant
effect is

Csy = CibPer 1 Clower (22)

When the crack propagates along the mid-plane of the adhesive
layer, the total compliance of the DCB system can be expressed as
below:

4
 EpBJ°h3

2 24 ?
C; [2/3a® + 6% + 6/a + 3] + : L ( = )

MG:%dherench + EFBh h +t
(23)

and the corresponding mode I strain energy release rate from Equa-
tion (3) is given by

p? 4 2 48ya
G=-2~L! = 16232 +12/%a+61] + + -
1 2B {EFB(h-‘rt):g}S[ } MG%dherench EFB(h+t>3

(24)

Improved Analytical Model for Mode Il Strain Energy
Release Rate

The mode II fracture toughness of adhesively bonded ENF specimens
was normally determined from Bernoulli-Euler beam theory with
shear correction [5], but the effects of the adhesive layer were
neglected in the linear elastic analytical models based on beam theory.
In order to estimate the strain energy release rate including the
nonlinear effects of adhesive in an adhesively bonded ENF specimen
under Mode II loading, Chai [21] extended the Goland and Reissner
linear-elastic analysis of a lap-shear bonded joint [22] to adhesively
bonded ENF specimens. In Chai’s work, the effect of adhesive plasti-
city and the presence of a crack over part of the bondline were incor-
porated into the estimation of the energy release rate, the adhesive
material was modeled as an elastic-perfectly plastic material, and the
adherends were assumed to be linear elastic materials. But Chai’s
model is valid and meaningful only when the shear strain at the crack
tip reaches the ultimate shear strain of the adhesive. Prior to that, no
crack growth is assumed to take place. Chatterjee [23] also developed a
stress analysis including the effects of adhesive layer and adhesive
nonlinearity for adhesively bonded ENF specimens. However, no FEA
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and experimental verification of the Chai and Chatterjee models has
been found in the literature.

In this paper, a more reasonable and more general analytical model
for determination of the mode II component of the strain energy
release rate for the MMB test and strain energy release rate of
adhesively bonded ENF specimen has been developed. The improved
linear elastic mechanics of materials model is an extension of previous
work by Carlsson and Gillespie [24].

The derivation of the linear elastic mechanics of materials model for
mode II strain energy release rate is based on the change of com-
pliance with crack extension. The compliance of the adhesively bonded
ENF specimen is defined as the displacement, 6, at the central
loading point divided by the applied load at the same point, P. With the
notations in Figure 6, 0B can be calculated from:

Pﬂ

l Crack ‘\ h
Adherend —\

Pu/2 Adherend Adheswe / qu —J Pul2 T

(b)

FIGURE 6 Adhesively bonded ENF specimen. (a) Schematic diagram of
adhesively bonded ENF specimen; (b) Definition of vertical displacement.
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op = %(514 +0p) (25)

The beams AB and BCD are modeled as cantilever beams with fixity
against rotation at point B. No warping is assumed in the cross section
at point B due to the approximate symmetry. The effective flexural
modulus, Er, and effective transverse shear modulus, G7, of the
uncracked beam AB can be estimated as below [18]:

1 1 h 1 t
G_T - G%dherend (h 4 t) + Gz;‘dhesive (h + t) (26)

1
(h+1t)°

Er = [Eadherend (h3 + 3h%t + 3ht2) + ¢ 'Eadhesive] (27)

where E gherenda = flexural modulus of adherend, E ghesive = Young’s

modulus of adhesive; G"J‘Tdhe‘”end and G‘}dhes“’e are transverse shear

modulus of adherend and adhesive layer, respectively; 2 and ¢ are

adherend thickness and half-thickness of adhesive layer, respectively.
According to Timoshenko beam theory,

% PyL
4EpB(h +t)®  uwGrB(h +t)

da (28)

For the cracked part, CD, the displacement of point D relative to
point C has three components. The first is due to the bending and shear
deformation, the second is due to the rotation of the cross-section at
point C (Figure 6). According the assumptions by Carlsson and Gil-
lespie [24], the upper and lower adherends of the cracked part deform
freely under shear loading. Assuming that each cracked adherend
carries the same load, Pj;/4, the displacement component due to the
first two contributions is given by

_ Py (ZLS —3al? + a3) Py(L —a)
8ErB(h +t)° 4uGrB(h +¢)

BC (29)

Py(3aL? + 5a®) 2Pa
dcp = adherend R7, 3 + adherend
8Egdherend By 4G Bh

(30)

Furthermore, the contribution to the displacement at point D due to
the Saint-Venant effect at the crack tip can be expressed as

3P a2
SV *Prr a
5D - E%dherench (h) (31)
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Therefore, the deflection at point B can be expressed as
1

1
531511:—(5A+5D):2

: [5A + (5BC +ocp + 51%")} (32)

It should be explained that the effect of elastic foundation was not
considered for the mode II model due to asymmetric characterization.
The compliance of the adhesively bonded ENF specimen is then given by

" I 1 ( )

and the mode II strain energy release rate is obtained by using
Equation (3):

1P2 SP%IXa
Gy = §2—g{Cn + Caa} +W (34)
with

—3L2 + 3a? 1

1 = 3 (35)
8ErB(h +t) 4uGrB(h +1)

3L2 + 1502 2

Cos — (36)

8 E%dherend Bh3 + 4 HG%dherend Bh

Verifications of Improved Analytical Models Using FEA

Two-dimensional finite element analysis (FEA) models were con-
structed to verify the improved analytical models. ABAQUS (version
5.7) was used for the finite element studies. Plane strain conditions
were assumed.

Verifications of Improved Mode | Analytical Model

The specimens used for the verification studies were the adhesively
bonded DCB specimens with the aluminum alloy adherends and Dow
Betamate 4601® epoxy adhesive. All materials were assumed to be
linearly elastic and to have invariant, room temperature properties as
listed in Table 1 [18].

The adherend thickness was 6.54 mm, and the adhesive thickness
was 0.254 mm. Five initial crack lengths were modeled, 50.8 mm,
38.1 mm, 254 mm, 12.7 mm and 5.08 mm. The location of the
crack was assumed to be in the mid-plane of the adhesive layer.
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TABLE 1 Material Properties Used for Mode I Improved Analytical Model
and FEA Model

Material Young’s modulus GPa Poisson’s ratio
Adherends (Aluminum alloy 6061) 69.0 0.30
Adhesive (Dow Betamate 4601® epoxy) 3.8 0.36

The specimen was assumed to have a width of 25.4 mm and a length of
100 mm. The applied load was assumed to be 1000 N.

The adhesive layer was modeled using 12 rows of two-dimensional,
four-noded bilinear elements (CPE4). The element size was taken from
the study of Gillespie et al. [24] and Raju et al. [25]. The mesh,
dimensions, and boundary conditions are shown in Figure 7. Because
of symmetry of mode I, only half of the specimen was used for the finite
element model. The strain energy release rates were calculated by
using the modified crack closure technique [26].

Figures 8 and Figure 9 show the comparisons of the results from the
improved analytical model described in Equations (23) and (24) with
those from the FEA for mode I strain energy release rates at five
different crack lengths. From Figure 8 and Figure 9 it can be seen that
the predicted mode I strain energy release rates and loading point
deflections from the improved analytical model are in good agreement
with those from the FEA model.

In order to understand the contribution of the individual effects
described earlier, the predicted contributions of shear deformation,
elastic foundation, and Saint-Venant effect as well as bending defor-
mation in the total mode I strain energy release rates of aluminum/
epoxy DCB specimens are illustrated in Figures 10 and Figure 11. This
is the first time that the relative importance of these four effects has
been demonstrated.

Figure 10 and Figure 11 clearly show the importance of considering
elastic foundation and Saint-Venant effects as well as shear defor-
mation, which may be significant for short cracks. The inadequacy of
the beam models which did not include these effects is also obvious.

Specific conclusions that can be drawn from this investigation are: (1)
For the mode I strain energy release rate of adhesively bonded DCB
specimens with long cracks, the contributing factors in decreasing order
of importance are pure bending, elastic foundation, Saint-Venant effect
and shear deformation. (2) For mode I strain energy release rate of
adhesively bonded joints with short cracks, the contributing factors in
decreasing order of importance are elastic foundation, bending, Saint-
Venant effect and shear, (3) The results including the effect of adhesive
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FIGURE 8 Comparison of mode I strain energy release rates from improved
analytical model with those from FEA model.

layer and Saint-Venant effects are in good agreement with those of the
FEA. (4) The contributions of the effect of elastic foundation, Saint-
Venant effects and shear deformation effects to the total Mode I energy
release rate increases with decreasing crack length, while the corre-
sponding contribution of pure bending decreases.
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FIGURE 9 Comparison of mode I displacements from improved analytical
model with those from FEA model.



09: 26 22 January 2011

Downl oaded At:

260 Z. Liu et al.

3500
—O— Total mode | strain energy
3000 release rate
—{Contribution from pure
2500 | bending deformation

—— Contribution from shear
deformation

2000 {|—o— Contribution from elastic

foundation effect

1500 —— Contribution from Saint-

Venant effect

1000

500

Strain energy release rate (J/m*2)

Crack length (mm)

FIGURE 10 Contributions of different effects for mode I strain energy release
rate in aluminum/epoxy DCB specimen.
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FIGURE 11 Percent contributions of different effects for mode I strain energy
release rate in aluminum/epoxy DCB specimen.
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Verifications of Improved Mode Il Analytical Model

In the FEA models, the material of the adherends was assumed to
have linear elastic behavior, while the adhesive material was assumed
to have both linear elastic and elastic-perfectly plastic behavior. The
yield stress of the adhesive is assumed to be 40.0 MPa.

Steel was chosen as the adherends due to its high stiffness, while
the adhesive was a toughened epoxy, Dow Betamate 4601®. All
materials were assumed to have invariant, room temperature prop-
erties as listed in Table 2. The adherend thickness was 2.0 mm, and
the adhesive thickness was 0.2 mm. Three initial crack lengths were
modeled, 43.5 mm, 34.0 mm and 22.4 mm. The location of the crack
was assumed to be in the mid-plane of the adhesive layer. The spe-
cimen was assumed to have a width of 25.4 mm and a length of
120 mm. The applied load was assumed to be 1000 N.

Two-dimensional, eight-noded bilinear elements (CPES8) were used
for both the adherends and the adhesive layer. The adhesive layer was
modeled using 12 rows. The effect of contact that may develop in the
cracked portion of the bond was considered using a built-in contact
element in ABAQUS. The Coulomb type friction coefficient was
assumed to be 0.1, but it has been shown by Chiang and Chai [27] that
the friction coefficient has only a marginal effect. The mesh, dimen-
sions, and boundary conditions are shown in Figure 12. The strain
energy release rates were calculated by using the modified closure
technique [26].

Figures 13 and Figure 14 show the comparisons of the results from
the improved analytical model with those from the FEA model for
mode I at three different crack lengths. From Figures 13 and Figure 14
it can be seen that the predicted mode II strain energy release rates
and loading point deflections from the improved analytical model are
in good agreement with those from the FEA model. However, Chai’s
model and Chatterjee’s model excessively overestimate the mode II
strain energy release rates due to the use of idealized linear-perfectly
plastic models.

TABLE 2 Material Properties Used for Mode II Improved Analytical Model
and FEA Model

Young’s Poisson’s Yield shear
Material modulus GPa ratio stress (MPa)
Adherends (steel) 200.0 0.30

Adhesive (Betamate 4601%) 3.8 0.36 20.0
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FIGURE 12 Mesh geometry and boundary conditions used in the Finite
Element Model for mode II.

Experimental Verification of Analytical Models Using
Modified MIMIB Tests

In order to verify the improved analytical models experimentally,
comparisons between measured and predicted compliances at the
testing machine loading point were carried out [4].
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FIGURE 13 Comparison of mode II loading point displacements from im-
proved analytical model with those from FEA model for steel/epoxy ENF
specimen.

System Compliance and Measured Testing Machine
Loading Point Compliance

Before measuring the testing machine loading point compliance, the
compliance of the MMB loading system should be determined at the
lever length, ¢, to be used by exploying steel calibration specimen in

Mode il strain energy release rate

—CO— Improved analytical model
- -A - FEA

—[3 —Chai's model

—@— Chatterjee’'s model

T T T

10 20 30 40 50
Crack length (mm)

FIGURE 14 Comparison of mode II strain energy release rates from im-
proved analytical model with those from FEA model for steel/epoxy ENF
specimen.
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the MMB fixture instead of the MMB test specimen (Figure 15). The
testing machine loading point (Figure 15) compliance of the calibration
specimen including the elastic deformation of the lever can be derived
using mechanics of materials and is given by [4]:

c? 2L(c + L)?

Ccal B 3Eleverllever (L T C) N Ecachachal

(37)
where Ejgyer is Young’s modulus of the loading lever, Ijeyve, is the inertia
of moment of the loading lever, E.,; is the flexural modulus of the
calibration specimen, B, is the width of the calibration specimen, and
Ta1 is the thickness of the calibration specimen.

The procedure is to load the MMB fixture with the calibration
specimen and record the load-displacement history, then measure the
slope of the loading curve, m (Figure 16). The testing machine loading
point compliance of the MMB test system, Cyys, can be calculated using
the following equation:

Csys = 1/m — Ceal (38)

Therefore, the measured compliance, C,e., at the loading point after
correction is given by

mea

Cmea = P

— Csys (39)

where Jpne, is the displacement at the testing machine loading point.

—— ¢ ——» / Loading lever

Hinge

Testing

V4
machine
loading point
Saddle L ;;\: !
Calibratign specimen
L— L—sle— L

FIGURE 15 Mixed-mode bending test system compliance calibration setup.
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FIGURE 16 Typical MMB test load-displacement curve for testing machine
loading point and steel calibration specimen.

Analytical Model for Testing Machine Loading
Point Compliance

By using geometric relationships and the principle of superposition,
the predicted deflection, 6p, and compliance, Cp, at the testing
machine loading point can be derived as below [4]:

Pc? 3c —L c+L
5p—m([4+0)+ (T)51+ <T>5H (40)

2 3¢ —L\? c+L\?
CP_3EleverIIever(L+C)+(4L> CI+( 17 ) Cr (41)

Comparison of Measured and Predicted Testing
Machine Loading Point Compliances

The comparisons of variations of the testing machine loading point
compliances with crack length at three different mixed-mode loading
conditions for the adhesive layer thickness of 0.254 mm are shown in
Figure 17. Although the predicted compliances were slightly less than
the measured values, the predicted compliances are still in reasonably
good agreement with the measured values, and this gives one addi-
tional confidence in the improved analytical models. It should be noted
that in the original MMB design Crews and Reeder [1] applied the load
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FIGURE 17 Predicted and measured variations of testing machine loading
point compliances with crack length for steel calibration specimen.

on the top surface of the lever, which caused excessive loading point
rotation, so the test fixture was redesigned [2] by moving the load
application point very close to the mid-plane of the specimen through a
saddle and yoke arrangement. Although the redesigned MMB fixture
reduced the nonlinearity to some degree, some nonlinearity remains
[28]. Therefore, it is believed that the measured testing machine
loading point compliances are greater than the predicted values
because of the geometric nonlinearity in the fixture. As expected, the
predicted compliances for the plane strain condition are slightly lower
than those for the plane stress condition. The results from the ana-
lytical models for mode I and mode II based on the conventional beam
theory, Euler-Bernoulli beam theory, are also plotted in Figure 17 for
comparison. The improved models show much better agreement with
measured values than the conventional Euler-Bernoulli beam model,
because the conventional beam model does not consider the effect of
the adhesive layer, the Saint-Venant effect, the effect of elastic foun-
dation, and the shear deformation correction.

CONCLUSIONS

In order to make the evaluation of mode I, mode II and mixed-mode I
and II strain energy release rates simple and more accurate, improved
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analytical models including the effects of the adhesive layer and other
corrections to the conventional beam theory have been developed and
verified using both FEA and experiments. The only experimental data
needed for use of these models are the critical load and the corre-
sponding crack length.

The contributions of individual effects to the total mode I strain
energy release rate showed that the use of conventional beam theory is
questionable for most of the analytical models in the literature and
that the effects of the adhesive layer, the Saint-Venant effect and the
effect of elastic foundation must be considered.
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